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Chapter 3
BRST quantization of strings
In the previous chapter, we described the classical string and the formalism of confor-
mal eld theory. We now turn to the quantization of the string, and at many places
conformal eld theory techniques will be helpful. The constraints encountered in the
preceding chapter must somehow be implemented at the quantum level. We will use
the BRST formalism to do this. Section 3.1 describes some aspects of the quantization
of gauge theories with emphasis on the BRST formalism. In section 3.2 we discuss
the BRST quantization of the bosonic string. We also mention the possibility of non-
critical strings. In the last section of this chapter, the BRST quantization of W -strings
is considered. The latter section contains a summary of the papers [22, 21, 20, 39].
3.1 BRST quantization of gauge theories
Classically, the presence of gauge symmetry means that general solutions of the equa-
tions of motion involve arbitrary functions of the coordinates. This indicates that not
all elds in the classical action describe independent physical degrees of freedom. In a
standard canonical quantization of a gauge theory, one would thus also quantize unphys-
ical degrees of freedom. The presence of such unphysical degrees of freedom is usually
reected in the existence of negative norm states in the Hilbert space. Therefore, it is
important to identify the true physical degrees of freedom in a gauge theory. One way
to get rid of the unphysical degrees of freedom is to use the gauge transformations to
x a gauge at the classical level. This means that one imposes certain conditions on
the elds. These conditions should be accessible: in any gauge equivalence class of eld
congurations there must be a representative which satises the conditions. Also, one
would like to x the gauge completely, such that these representatives are unique. Any
non-trivial gauge transformation then leads out of the gauge. Next, one should identify
a complete set of independent physical degrees of freedom. Only these physical degrees
of freedom need to be quantized. However, there are some problems with this seemingly
straightforward approach. First of all, it is not always easy to nd good gauge condi-
35
tions which eliminate all gauge symmetry. Usually, it is also a dicult task to obtain
a complete set of independent physical degrees of freedom. Moreover, after imposing
gauge conditions, some global symmetries (e.g. Lorentz invariance) of the theory may
no longer be manifest.
It is often possible to choose gauge conditions which are manifestly symmetric under
the global symmetries of the theory. However, such covariant gauge conditions usually
do not x the gauge completely. Therefore, quantization may still be problematic, in
that for example negative norm states may be present in the Hilbert space. Additional
constraints must be imposed to eliminate them.
A procedure which does not suer from the problems mentioned above is BRST quan-
tization. This way of dealing with the gauge symmetry is named after Becchi, Rouet,
Stora and Tyutin [15], and is based on a global symmetry of an eective action that is
obtained by adding a gauge-xing term plus compensating ghost terms to the original
gauge invariant action. The gauge invariance of the original action is replaced by this
global symmetry generated by the BRST charge.
The BRST charge associated to the BRST invariance of the eective action depends
on the particular gauge-xing that is used. In the Hamiltonian formulation, however,
the BRST charge does not depend on any kind of gauge-xing. Already at the classical
level the gauge symmetry may be encoded in terms of the BRST charge by enlarging
the phase space to include ghost variables. One of the main advantages of the BRST
approach is then that covariance is preserved because no gauge conditions need to be
imposed. Instead, the unphysical degrees of freedom are eliminated by the procedure
of taking the cohomology of the BRST charge. This assumes that the BRST charge
is nilpotent, which reects the closure of the gauge symmetry algebra. All degrees of
freedom, including the ghosts, are to be quantized and the cohomology of the quantum
BRST charge yields the physical spectrum. Below, we summarize some important ideas
of the BRST approach. In particular, we discuss the construction of the classical BRST
charge, which will be useful later when we consider BRST charges for gauge theories
based onW -algebras. Extensive discussions of the quantization of gauge theories in the
Hamiltonian formalism can be found in [110, 111].
Before turning to the BRST formalism, let us rst look at a simple example of a gauge
theory, Maxwell's theory, to illustrate part of the preceding discussion. Details may be






























where  is an arbitrary function of the coordinates. The innite set of Noether currents



















































































= 0 ; (3.6)




E = 0. There are no further constraints. The Poisson




g = 0. Constraints that form a closed
algebra under Poisson brackets are called rst-class. They are the generators of gauge
transformations. One might at rst wonder why there are two generators (with two
independent gauge parameters), but this is because (3.2) involves the time derivative
of  which, in the Hamiltonian formulation, is treated independently from  and its
spatial derivatives.
It is possible to x the gauge completely by introducing two gauge conditions. For
example, the conditions A
0




= 0 eliminate all gauge invariance
1
. This
selects out the physical degrees of freedom, namely the transverse polarizations of the
photon. These degrees of freedom can then be quantized. Unfortunately, though,
Lorentz invariance is no longer manifest since a Lorentz transformation leads out of
the gauge. In principle, one should then express the Lorentz generators in terms of
the physical degrees of freedom and check whether the algebra is still intact quantum-
mechanically.




= 0, known as the


























The extra term eliminates the constraints. However, in order that we are still dealing




= 0. In the quantum theory it then






j >= 0 ; (3.8)
1
To ensure that constraints plus gauge conditions are eectively zero inside brackets, the original
Poisson bracket should be replaced by a Dirac bracket.
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as a condition for physical states, where the + denotes the positive energy part. This




j > vanish. This is the Gupta-Bleuler
quantization procedure. It eliminates all unphysical negative norm states, while Lorentz




= 0 does not x
the gauge completely, there may still be states containing the scalar and longitudinal
photons in a certain combination which satises the constraint (3.8), but these have
zero norm and decouple.
3.1.1 The BRST formalism
We start with a classical description. As is well-known, and as we have seen in the ex-
ample above, gauge invariance leads to constrained Hamiltonian dynamics. We assume
that the constraints, denoted by T
a
2










all gauge transformations. We also assume that the constraints are independent.
In the BRST approach, the gauge symmetry is replaced by a global fermionic symmetry
in an extended phase space
3
consisting of the original phase space together with the
ghosts c
a









. The ghosts are anticommuting
for bosonic constraints and commuting for fermionic constraints. The generator Q of
the symmetry is called the BRST charge. The essential property of Q is its nilpotency,
fQ;Qg = 0. This enables one to dene a dierential (BRST) complex, consisting of
extended phase space functions, with a ghost number
4
grading, in which Q acts as the
dierential. It is further required that Q is Grassmann odd, has ghost number one, is




+:::, where the dots denote terms nonlinear
in the ghost variables c
a
. The BRST charge Q is dened such that its ghost number zero
cohomology, H
0
(Q), coincides with the set of (equivalence classes of) gauge invariant
functions on the constraint surface T
a
= 0. In more physical terms, the physical gauge









+ fQ; gg for some g. Eectively, what happens is that in going
to the cohomology the ghost variables `kill' the gauge degrees of freedom. All of this is
carried out without loss of covariance since no gauge-xing is applied.
Given any gauge symmetry, one can construct a classical BRST charge Q. This can be

































which is the most general ghost number one expression in the extended phase space.
Here U
(p)
are called the structure functions of order p (they are independent of the




For simplicity we suppress coordinate dependence, and in the case of a eld theory we assume that
the index a includes the spatial coordinates.
3
This is sometimes called the BFV extended phase space named after Batalin, Fradkin and Vilko-
visky.
4
The (total) ghost number assignments are G(c
a
) = 1 ; G(b
a
) =  1 and zero for the other elds.






order structure functions are required to be the generators T
a
so that the rst term
in (3.9) represents a general gauge generator with parameters replaced by ghosts. The
other structure functions can be found by requiring Q to be nilpotent under the Poisson
bracket. Each term in fQ;Qg contains n+ 1 ghosts c and n  1 ghost-momenta b. All
















= 0 : (3.10)













































For a Lie algebra, where f
c
ab
are constants, the second term in D
(1)
of course vanishes,
and the rst term vanishes due to the Jacobi identities. So in that case there is no


















However, in general (and in particular in the case of W -algebras), the structure con-




















X . This procedure continues (if necessary) for the higher order
structure functions, and Jacobi identities always guarantee the existence of appropriate
structure functions that constitute a nilpotent BRST charge.
































where the structure constants may have changed by order ~ quantum corrections, and




(e.g. central charges) that break the naive closure of the




6= 0, BRST quantization may still be consistent. The
reason is that the ghost variables may not only cancel gauge degrees of freedom, but
possibly also anomalies. This happens, for example, with the central charge anomaly in
the Virasoro algebra of the 26-dimensional bosonic string, as will be shown in the next
section. It is another advantage of the BRST approach. The quantum BRST operator
^
Q
should involve the quantum structure constants, and is required to be nilpotent in order
to be able to identify the physical states with the cohomology classes of
^
Q. However,
due to problems like normal-ordering, it is usually not an easy task to obtain the BRST
operator; it is not even guaranteed to exist. Fortunately though, the classical BRST
charge often guides us to the corresponding quantum operator.
Before moving on to the application to string theory, we rst continue our example of

































There are no higher order ghost terms since the constraint algebra is abelian. The
classical cohomology can then be shown to consist only of the transverse degrees of
freedom, see e.g. [111]. A BRST invariant Hamiltonian is given by H
0
in (3.5). Chang-
ing the gauge corresponds to adding an appropriate BRST exact expression fQ;	g to
H
0
, where 	 is called a gauge-xing fermion. This produces another BRST invariant
Hamiltonian.
In the temporal gauge A
0
= 0, which eliminates the constraint 
0
= 0, the remaining














































Virasoro charges that generate residual transformations in the conformal





) to eliminate the longitudinal degree of freedom. For this minimal










. In the subsequent discussion
of the BRST formulation of the bosonic string in the conformal gauge, the reader may
notice some similarities with the formulation of electromagnetism in the temporal gauge.
3.2 Critical and non-critical bosonic strings
We next study the quantization of the bosonic string using the BRST formalism [92,
126, 119]. Let us rst note that we are dealing with rst-quantized string theory.
That is, in a path integral formulation one sums over all possible paths of a single
string between two xed string congurations. However, from the world-sheet point of
view, the quantization of the bosonic string may be regarded as second quantization of
the two-dimensional eld theory of scalar elds X

(; ) and two-dimensional metric
h
ab
(; ) (in the Polyakov formulation).
We start with a classical BRST analysis. The Polyakov action of the classical bosonic
string denes a two-dimensional gauge theory as we described in section 2.1. Let us
















The gauge invariances are two-dimensional general covariance and Weyl symmetry. We
know then that there are constraints among the phase space variables. To begin with,
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= 0 : (3.17)
The secondary constraint that results from the condition that (3.17) is conserved in

















= 0 ; (3.18)
where the energy-momentum tensor is given in (2.3). To get rid of the primary con-





, as we did in section 2.1.





the temporal gauge-xing in electromagnetism. They both eliminate the primary con-





theories. Whereas in electromagnetism this breaks manifest Lorentz invariance, in the
string case we do not lose space-time Lorentz invariance.
Now we are left with the constraint T
ab
= 0 and, as argued in chapter two, in the




the energy-momentum tensor is composed of one
holomorphic component T (z) and one anti-holomorphic component

T (z) on the complex
plane. Alternatively, if one starts from the Nambu-Goto action (2.1), the Virasoro





the relativistic particle) are primary and there are no other constraints, because there is
no independent metric variable. At the Lagrangian level, we already saw in section 2.1
how the Virasoro constraint comes in after substituting the conformal gauge condition
into the action: the equation of motion T
ab
= 0 is then lost and has to be imposed as
a separate constraint.
The classical BRST charge can now be obtained following the standard procedure out-
lined before. Thereto we note that the algebra of rst-class constraints is


























T ( w) = 0 ;
which is the classical Poisson bracket algebra (2.20) expressed in the language of OPEs
as explained in equations (2.48) and (2.49). Next, introduce anticommuting ghost
















The BRST charge can now be read o from the constraint algebra, knowing that no
higher than rst order structure functions appear, since the structure constants of the
6
This gauge is accessible in a neighborhood of any point on the world-sheet. However, it is in general
not accessible globally.
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c(z)T (z) + c(z)@c(z)b(z) + c(z)















where j(z) is the BRST current
j(z) = c(z)T (z) + c(z)@c(z)b(z) : (3.23)
The BRST charge can be shown to be nilpotent as is guaranteed by the method of
construction. In the language of OPEs the nilpotency statement translates to the rst
order pole of the OPE j(z)j(w) being a total derivative. Using (3.19) plus the canonical
OPE for the ghosts, one easily nds that the rst order pole of j(z)j(w) vanishes.











where the ghost energy-momentum tensor is dened by T
gh
=  2b@c @bc. This implies



















Now we are ready to quantize. In subsection 2.2.2 we already saw that because of
double contractions among the free scalar elds (the string coordinates), the Virasoro
algebra obtains a central charge,





Thus the conformal algebra does not close anymore and this is referred to as the confor-
mal anomaly. As a consequence, under the assumption that the BRST operator is still

























However, the integrand becomes a total derivative
7
for D = 26 and therefore the BRST
operator is nilpotent only if the number of scalar elds is 26, i.e. if the string is moving
in 26-dimensional space-time. In fact, the conformal anomaly (3.26) is cancelled by the
7





c to the BRST current j. This
in addition makes j a (1; 0) primary eld [90].
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  2b@c  @bc ; (3.28)






















which shows that the ghosts contribute  26 to the central charge cancelling that of
the matter energy-momentum tensor formed by 26 string coordinates. For D = 26, the
quantum theory is independent of the world-sheet metric, as is also indicated by the
fact that T
tot
is BRST trivial, T
tot
= fQ; bg.
We have witnessed here one of the virtues of BRST quantization: requiring nilpotency
of the BRST operator immediately yields the condition for a consistent quantization,
in this case the critical dimension D = 26.
The physical operators of the theory correspond to cohomology classes of the BRST
operator. This will be discussed in the next chapter. Let us mention one subtlety




















g = 1 it then follows that the ghost




j #>= j "> ; c
0
j ">= 0 ;
b
0
j #>= 0 ; b
0
j ">= j #> : (3.30)
In operator language, the state j #> corresponds to c(z) (i.e. c(z = 0)j0 >= j #> with
j0 > the sl(2)-invariant vacuum) and j "> corresponds to @c(z)c(z). These operators
are indeed the ones with lowest possible conformal weight (energy)  1 in the ghost
sector. If we take j #> as our ghost vacuum, physical operators corresponding to string
states with momentum p

will be of the form
O = cV (X; p) = cP (@X)e
ipX
; (3.31)
where P is some polynomial in the derivatives of X

, and V (X; p) is called a vertex
operator.
There is also a simple interpretation for the operators corresponding to the other ghost
vacuum, @ccV (X; p). It is related to the anomaly in the ghost number current J
gh
= cb


























(w) >, vanishes unless the total ghost number of the operators in
8
The ghost energy-momentum tensor can also be derived from the BRST invariant gauge-xed
action involving Faddeev-Popov ghost terms, see e.g. [90].
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(x) into the correlator and contracting it around z and w using OPEs
gives the total ghost number times the correlator. We can also contract the integral
over x to a point on the other side of the sphere, in which case we have to use the
conformal transformation x !  
1
x
. Then we meet no operator insertions and one
would expect to get zero, indicating conservation of ghost number. However, due to
the anomalous central term in (3.32), which means that J
gh
does not transform as a
tensor under (global) conformal transformations, the result will instead be three times
the correlator. Thus, for a correlation function to be nonzero, the total ghost number
of the operators in it must be equal to three. Now for a nonzero two-point function,
if O
1
is of the standard form (3.31) with ghost number one, O
2
should belong to the
other ghost vacuum with ghost number two.






)jV >= 0 for m  0 ; (3.33)
where L
m
are the modes of the matter energy-momentum tensor and jV >= V (0)j0 >
with V the vertex operator in (3.31). Here j0 > is the sl(2)-invariant vacuum, dened
in equation (2.57).
The conditions (3.33) are nothing but the positive energy modes of the Virasoro con-
straint T (z) = 0 imposed on the Hilbert space. We see therefore that physical states
are highest weight states with weight one with respect to the matter energy-momentum
tensor. The vertex operators V (X; p) are therefore primary operators with conformal
weight one. The specic form of the L
0
constraint is due to a normal-ordering eect. In
fact, L
0
is the only mode which has an ambiguous normal-ordering, which can be seen
from (the quantum commutator version of) (2.25) and (2.29). In (3.33) we implicitly































. The correct value a = 1 directly follows from BRST
quantization as we see in (3.33).
A number of other quantization methods have also been used to quantize the bosonic
string. One of these methods is the light-cone gauge quantization. This is an example
of a full gauge-xing prior to quantization. The light-cone gauge is obtained from the
conformal gauge by using the residual holomorphic and anti-holomorphic reparametriza-











remaining physical degrees of freedom X
i
, i = 1; 2; :::D   2, correspond to transverse
excitations. These are to be quantized. Disadvantage of this method is that manifest
space-time Lorentz invariance is lost. Therefore one should check Lorentz invariance
and the result is that the commutators of space-time angular momentum constitute the
Lorentz algebra if and only if D = 26 and a = 1 [100].
Another quantization method, which goes under the name old covariant quantization, is
44
more like the Gupta-Bleuler quantization of electromagnetism. One adopts the confor-
mal gauge, which is manifestly space-time Lorentz covariant, and imposes the Virasoro






)j >= 0 for m  0 : (3.35)
A careful analysis of the norms in the Hilbert space shows that for a = 1 and D = 26
there are no negative norm states.
3.2.1 Non-critical strings







and forgot about the conformal factor e

since it drops out
of the classical action due to Weyl symmetry. However, it was shown by Polyakov [159]
that, quantum-mechanically, the conformal factor may be ignored only if D = 26. In
other space-time dimensions it becomes dynamical thus providing a non-trivial model
for two-dimensional quantum gravity.




























In order to perform the path integration without overcounting, it is necessary to x a













is a ducial metric. Since the action is also invariant under dieomorphisms




but only over those that are not related by a
world-sheet dieomorphism. In fact, it can be shown that the space of metrics modulo
dieomorphisms and Weyl transformations is a nite-dimensional space (see e.g. [69]),
the moduli space of Riemann surfaces. For the sphere (genus 0 Riemann surface), the
moduli space consists of a single point only.
Gauge-xing with respect to the group of dieomorphisms leads to the introduction of
the Faddeev-Popov ghosts. After factoring out the volume of the group of dieomor-









































indicates that the integration measure is evaluated with respect to the
original metric h
ab
, and d is the measure in the space of ducial metrics (moduli
space). S
P
is the Polyakov action and S
gh



























We follow here the discussion as given in [5, 2].
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Next, one would like to write the integration measures in (3.38) with respect to the
ducial metric, in order to make the dependence on () explicit. For the elds X

, it
















































































































For D 6= 26, the conformal mode of the metric (the Liouville eld) becomes a dynamical
eld. Hence the realization of the conformal symmetry is very dierent depending on
whether D = 26 or D 6= 26. Non-critical strings are those with D 6= 26, and the
Liouville eld is necessary in order to satisfy the requirement of conformal invariance.
For D = 26, corresponding to the critical string, the Liouville eld decouples from
the action and the integration over  can be absorbed in the normalization of the
path integral. The only remainder of the integration over metrics in this case is the

























Under some plausible assumptions the dependence of the measure in (3.43) on the



















































































This expression was obtained by David and Distler and Kawai [66]. A similar analysis
but in the so-called chiral gauge was performed in [129]. The results obtained are
reasonable only for D  1. For D > 1 some of the arguments used in [129, 66] might
break down. This c = 1 barrier (recall that D = 1 corresponds to a matter central
charge c = 1) is usually viewed as a transition to a strong coupling phase of 2d-gravity
for c > 1. This phase, which might be related to the existence of tachyonic excitations







the propagator of  becomes the same as that of the X

elds. The contribution to the
















. The second term in T









is called a background charge. The central charge of T

can be calculated using OPEs,
and one nds c

= 1 + 3Q
2







= D + 1 + 3Q
2
  26 = 0 ; (3.50)
consistent with overall conformal invariance. Physical operators can now be obtained




. Operators of the matter
theory thus get `dressed' by the Liouville eld in such a way that their total conformal
weight equals one [129, 66].
We can interpret (3.45) in two ways. First, since the Liouville action is an eective
action for the world-sheet metric, we may interpret (3.45) as a quantum theory of 2d-
gravity described by the Liouville eld coupled to D scalar elds. Due to the c = 1
barrier, we can only consider D = 0 or D = 1. However, the discussion leading to
(3.45) does not depend on the particular matter CFT, but only on its central charge.
Therefore it is also possible to consider c < 1 minimal models coupled to 2d-gravity.
In the other interpretation  is regarded as one of the string coordinates, hence we
have a (D + 1)-dimensional non-critical string theory. A special case is D = 25, where
the Liouville eld may be viewed as the 26th coordinate of the critical bosonic string.
For more information on non-critical string theory and 2d-gravity, also from the matrix
model point of view, the reader may consult [97, 1].
3.3 BRST quantization of W -strings
We now come to the study ofW -string theories, i.e. string theories based onW -algebras
instead of the Virasoro algebra. W -algebras were briey discussed in subsection 2.2.3.
A rst question we could ask ourselves is what the analogue of the Polyakov action is.
The Polyakov action describes the Weyl invariant coupling of 2d-gravity to matter, and
the Virasoro algebra is the symmetry algebra that remains after xing the conformal
47
gauge. Generalizing the Virasoro algebra to a W -algebra, we know that the W -algebra
is the symmetry algebra in a conformal type gauge, resulting from a covariant action
describing theW -Weyl invariant coupling ofW -gravity to matter. AlthoughW -algebras
themselves are known explicitly, it is not a simple matter to obtain such corresponding
covariant actions that generalize the Polyakov action. Anyway, a consistent quantization
of matter coupled to gravity leads to a string theory, critical or non-critical depending
on whether or not the world-sheet gravity eld(s) decouple. The next task would then
be to study the physical properties of these string theories, such as the spectrum of
physical states.
Gauging (the reverse of xing a gauge) the Virasoro algebra leads to the Polyakov
action. Thus one should try to gauge a W -algebra in order to obtain the W -gravity
coupling. Let us quickly see how this might be done by considering a simple example
of gauging a classical version of the W
3
algebra. For a review, see [115]. See also [36].



















= 0, it follows that the chiral part of the symmetry
algebra is generated by f@
i




g). In particular, the









As discussed in the previous chapter, it generates holomorphic coordinate transfor-
mations (sometimes referred to as semi-local or semi-rigid symmetries). Gauging this
chiral copy of the Virasoro algebra is accomplished by the minimal linear coupling to a
spin-two gauge eld which enters the action as a Lagrange multiplier imposing the Vi-
rasoro constraint. Gauging of both chiral and anti-chiral copies of the Virasoro algebra
ultimately yields the Polyakov action.
We could, however, just as well gauge a larger part of the chiral algebra. Consider













In order to gauge the corresponding symmetries, the algebra generated by the currents













The classical OPE of W with itself then closes on the square of T ,








with  = T
2
and  a constant. This, together with the OPEs involving T , is a classical
version of Zamolodchikov'sW
3




The innitesimal transformation parameters associated to (T (z);W (z)) are arbitrary







("(w)T (w) + (w)W (w)) 
i











To gauge this chiral algebra we have to promote this symmetry to one where ("; ) can
be arbitrary functions (not necessarily holomorphic). This can be done by employing
the Noether procedure in which the gauge elds are minimally coupled to the currents.









z (hT +BW ) : (3.57)




It has been shown that for gauging any chiral algebra, a linear coupling to the gauge
elds suces [114]. The action (3.57) is the action of scalar matter coupled to chiral
w
3
gravity, but it may also be viewed as the action of covariant w
3
gravity coupled
to matter in the so-called chiral gauge. To obtain a covariant non-chiral coupling of
w
3







satisfy the same w
3
algebra. For such non-chiral gaugings it is not enough to have
linear couplings to the gauge elds, and in fact one should add higher and higher order
terms to the action to make it gauge invariant. In the case of ordinary gravity, we know
that this process can be circumvented, since the coupling to gravity is well-known and
takes the form as in the Polyakov action. But for the higher-spin gauge eld an explicit
closed form of the coupling is not known. This is related to the fact thatW -geometry is
not really well-understood. However, closed forms for non-chiral W -gravity coupled to
matter actions are known [173]. These involve auxiliary elds which, after elimination
using the equations of motion, again yield an innite power series in the gauge elds.
Here we do not really need covariant actions of W -gravity coupled to W -matter, since
our purpose is at rst to obtain the spectrum of physical states of a W -string. This
can be obtained by constructing the BRST operator corresponding to the W -algebra
(which should be viewed as the algebra of rst-class constraints that remain after going
to the conformal type gauge). If a nilpotent BRST operator can be constructed, the
physical spectrum can in principle be computed through the cohomology.
3.3.1 BRST analysis of W -symmetries





(in general we write w
N
for the centerless classical versions of
W
N
), takes the form









It is a consequence of generalized Weyl (W -Weyl) symmetry that the W generators are traceless
symmetric tensors which in two dimensions implies that they have only two independent components.
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where  is a constant which depends on the normalization of W . This symmetry is









) corresponding to the spin-two and spin-three symmetries,










It is not dicult to write down the classical BRST current for the algebra in (3.58).
Following the procedure described in the previous section, we see that in spite of the
fact that the algebra is nonlinear, no second or higher order structure functions are















































the spin-k ghosts' contribution to the total energy-momentum tensor. The




j(z). Note the appearance of T in the cubic ghost term
of the BRST current. Here it plays the role of structure constant (rst order structure
function). It originates from the nonlinearity in the OPE of W with itself: one T is
interpreted as generator, the other as structure constant.







as in (2.85), is obtained by
normal-ordering and adding the following quantum corrections:
























The expression for the quantum BRST operator was rst found by Thierry-Mieg [187].
The construction of BRST operators for more general quadratically nonlinear Lie alge-
bras has been described in [172]. For the quantum W
3
BRST operator to be nilpotent
the central charge must be xed to c = 100. This is the W
3
analogue of the c = 26
requirement for the ordinary (Virasoro) bosonic string. The reason for this is that the









)) which can be checked by considering the OPEs of the ghost energy-momentum
tensors. This central charge must be cancelled by that of the matterW
3
algebra so that
the conformal anomaly disappears.
As in the classical case, the various terms in (3.61) can be associated to terms in the
algebra, which has now become the quantum W
3
algebra. The eld realizations of T
and W have to be normal-ordered, and counterterms that cancel anomalies have to be
introduced. These counterterms are such that the renormalized currents satisfy the W
3
algebra [160, 114].
The classical currents (T;W ) of equations (3.52) and (3.53) no longer generate a closed




to T or W . Such terms can be constant (central charges), or eld-
dependent. The central terms are sometimes called universal anomalies. The eld-
dependent terms are called matter-dependent anomalies, and they are characteristic of
nonlinearly realized algebras such as is the case here, see (3.56). They do not occur
for the ordinary bosonic string, as only a central charge anomaly arises in that case.
These anomalies have been calculated for chiral w
3
gravity where they correspond to the
non-invariance of the eective action (usually called the induced action), obtained by
integrating out the matter elds, under chiral w
3
gauge transformations. For a review,
see [115]
12




















































































These appear to be the most general terms that can be added without introducing new
elds or dimensionful couplings. It has been shown [164] that all anomalies (universal






) are such that (3.63) generate
the quantum W
3









) are taken into account appropriately. These conditions are equivalent to the
existence of a nilpotent BRST operator, as we have seen.
As in the case of the ordinary Virasoro string, one might also consider the non-critical
string where the matter does not yield a c = 100 realization of theW
3
algebra. Then, not
all anomalies are cancelled, and theW -gravity gauge elds become dynamical quantum-
mechanically. Much work has been done on the computation of the eective action
for quantum W -gravities. In particular, the relation between ane Lie algebras and
W -algebras has been exploited to learn more about these eective actions. See for
example [36] and references therein. ForW
N
algebras, much evidence has been provided
for the suggestion that the eective W
N
gravity actions in the conformal gauge are
sl(N) Toda actions, i.e. straightforward generalizations of the Liouville action. These
are realized in terms of N   1 scalar elds which can be interpreted as coming from
generalized conformal factors that become propagating elds quantum-mechanically
due to anomalous W -Weyl symmetry.
Both matter and gravity sectors (in the non-critical case) separately should realize
the W -symmetry. However, it is not obvious how the complete matter-coupled-to-
gravity system realizes the W -symmetry. Due to the nonlinearity of the W -algebra it
is impossible to obtain new realizations by just adding two commuting realizations of
11
Terms proportional to the generators that are not present in the classical algebra do not aect the
closure of the algebra but represent a quantum deformation of the classical algebra. Such `anomalies'
are cancelled simply by modifying the transformation laws of the gauge elds.
12
More recent discussions of chiral W
3
gravity and its anomalies have been given in [148, 190].
In [148], instead of the conformal gauge a derivative gauge condition is employed which leads to a
simplication of the Hamiltonian BRST formulation. In [190], the anomalies of chiral W
3
gravity are
computed as an illustration of the Lagrangian Batalin-Vilkovisky quantization method. See also [67].
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the currents. However, for the classical w
3
algebra we can add two independent copies


















) of the w
3
algebra. The Poisson
bracket of W with itself then reads






















. This algebra is called modied w
3
[26]. The corre-




in the last term.

















































































We should stress that there is no closed quantum algebra that can be extracted from
(3.66). This does not seem to be a problem, since it is the nilpotency of the BRST
operator that allows for a consistent quantization.
The construction following (3.64) can be generalized to w
n
algebras as follows. Suppose
we have two commuting copies of the w
n



















we obtain a new closed algebra. This is however not a w
N
algebra. Instead, the algebra





in (3.65). The reason that this construction gives a closed algebra can be traced back
to the fact that w
N
algebras only have second-order poles in their classical OPEs (plus
rst order poles that involve an additional derivative). Since quantum W
N
algebras
have higher-order poles as well, this construction will not work in that case, as observed
for the modied BRST operator forW
3
[30]. We expect that nilpotent BRST operators
based on these modied w
N
algebras can nevertheless be constructed also for N > 3,
although explicit expressions will be complicated. For the non-critical W
3
string we
assume that (3.66) is the correct BRST operator. Evidence for this has also been given
in [37].
Only a few BRST operators for nonlinearW -algebras are known explicitly. Besides the
critical and non-critical BRST operators for the W
3





BRST operator is known explicitly [113, 200, 20]. Already for N = 4 does
the complicated nonlinear structure of the algebra make it very elaborate to compute
explicit expressions such as the BRST operator. Moreover, if these expressions have
been obtained, they are usually too involved to use in further calculations.
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It is expected that BRST operators for arbitrary W
N
algebras exist and that they are
unique up to (quantum) canonical transformations
13
. Canonical transformations may
be used to simplify the form of the BRST operator and the subsequent cohomology
analysis. In the case of an explicit realization of the currents, for example in terms of
free bosons, a larger number of dierent canonical transformations can be performed,
since the elds in the realization may also be used to build generating functions. In the
next subsection we describe realizations of W
N
algebras and after that we will see that
canonical transformations involving scalar elds of the realization can indeed be used
to simplify the BRST analysis of W -algebras [21, 20, 39].
Finally, we mention that also some BRST operators for other than W
N
nonlinear al-
gebras are known. These are the BRST operators for a number of W
2;N
algebras,
which are nonlinear algebras generated by an energy-momentum tensor and a spin-N
current. A BRST operator for theW
2;4
algebra has been given in [200], in a realization-
independent basis. For N = 4; 5; 6 and 7, BRST operators in a realization-dependent
basis have been constructed in [139, 142]. A BRST operator for a non-critical W
2;4
model has been given in [141], see also [153]. Some progress in constructing BRST




strings) has also been reported in [87].
3.3.2 Realizations of W -algebras
Since we are interested in the construction of string theories based on W -algebras, the
realizations that are most relevant to us are free bosonic realizations. Fortunately, the
W
N
algebras, nonlinear algebras generated by currents of spins 2; 3; :::N , were originally
constructed in terms of free bosons [78]. Let us recall this construction. For more details
we refer to [78, 144, 65, 136, 32].
The currents of theW
N
algebra can be obtained from the following dierential operator
































; m = 1; 2; :::N are




















= 0 : (3.69)



















At the classical level, it is known that the BRST charge associated to a constraint surface is unique




(z) with spin k. As always, normal-ordering is understood. Comparing

































, is the sl(N) Weyl
vector. The central charge of T  U
2
is given by











Equation (3.70) yields a realization of the W
N
algebra for arbitrary central charge
parametrized by 
0
. In (3.71) we recognize an energy-momentum tensor in terms of
N 1 scalars. It has been shown [144] that the currents fU
k
(z)g ; k = 2; 3; :::N generate
a closed operator product algebra which is quadratically nonlinear. The transformation
from the algebra of free scalar elds to the algebra generated by fU
k
(z)g is the quantum
Miura transformation. For that reason we call the resulting realizations ofW
N
algebras
Miura realizations. We rst must note, however, that the currents fU
k
(z)g are not
primary with respect to T (z) = U
2
(z), whereas usually the W
N
algebras are assumed
to be generated by T plus a set of primary currents of spins 3; 4; :::N . To obtain a
primary spin-k current starting from U
k
(z), one has to add appropriate terms involving
derivatives and composites of lower-spin currents to it. The virtue of a primary basis is
that OPEs for primary elds take the relatively simple form given in equation (2.45).
A less attractive consequence is that the algebra in the primary basis contains higher
than quadratic nonlinearities.
For N > 3, the explicit realizations and OPEs become rather awkward. The OPEs of
the W
4
algebra have been given explicitly in [35] and [127]. The complete W
5
algebra


































. In other words, the rst















is xed by the second condition in (3.69). This enables one to
re-express the W
N
currents in terms of W
N 1
currents and the scalar eld 
N 1
which
is the last component of
~
 in the W
N
realization. This is a special property of the
Miura realizations of W
N
algebras and turns out to have some restrictive implications
on the spectrum of physical states of W
N
strings based on these realizations. Explicit
expressions for W
N
currents in terms of W
N 1
currents plus a scalar eld have been
given in [136].
It is known that two classical limits of the Miura realization of W
N
algebras can be
considered, one being a truncation of the other. First, a classical limit which in general
54




! 1 (c!1) such
that the product ~c = x remains nite. This results in a closed Poisson bracket algebra.
A truncation to a classical limit without central charges (or background charges) is
obtained by now letting x ! 0. In this classical limit, which gives the w
N
algebras
mentioned before, only terms of highest order in the scalar elds (and thus with lowest
number of derivatives) survive. In [20], we considered this second classical limit of the





to redene the W
N
currents in such a way that a nested subalgebra
structure arises
15
. This structure is induced by the fact that the spin-k currents w
k
N
of the redened w
N






































where c(N) is some constant that depends only on N . In the redened basis, closed
expressions have been obtained for all currents of the w
N
algebra [20]. It is now clear





this means that the Miura transformation provides reducible representations only
(if we also recall that the energy-momentum tensor is diagonal in the scalar elds).
Let us now consider free boson realizations of the quantum W
3
algebra in somewhat
more detail. Classically, the condition for a realization (3.53) of the w
3
algebra (3.58)
is the quadratic relation for the d
ijk
tensor given in (3.54). In a dierent context, an
interesting relationship amongst solutions of (3.54) and Jordan algebras was shown to
exist in [106]. The classication of such algebras then leads to two classes of classical
w
3
realizations: the `generic' realizations existing for any value n of scalar elds, and
four `magical' solutions with n = 5; 8; 14 and 26. It was shown by Romans [168] that
all generic solutions can be extended by adding quantum corrections as in (3.63) to
realizations of Zamolodchikov'sW
3
algebra. In particular, starting from a certain ansatz
































where A is the derivative of a scalar eld. The other n 1 scalars are represented by T
X









Note that for c =  2, T
X
is null and can be set to zero, and this is in fact the only
central charge for which a one-scalar realization of W
3
exists [43]. The background
charge parameter 
0




realization coincides for n = 2 with the Miura realization derived from (3.70) above,
where A should be identied with @
2
. These two-scalar realizations were rst obtained
14














in [79]. In fact, all realizations (3.75) are essentially the Miura realization forW
3
which,
as we mentioned before, can be written in terms of an explicit scalar eld and an energy-
momentum tensor that can be realized by the elds of any conformal eld theory with
central charge c
X
. The four `magical' w
3
realizations cannot be extended to realizations
of the quantumW
3
algebra [168, 149, 82, 190, 83]. This is unfortunate, especially since in
contrast to the generic (Miura) w
3
realizations the magical realizations are irreducible.
The critical and non-critical W
3
BRST operators need realizations of the quantum W
3
algebra and therefore can't be based on the magical realizations of w
3
. A more general
ansatz for a nilpotent quantum extension of the classical BRST charge (3.60) has been
considered in [83] and it seems that the (reducible) Romans realizations are forced upon
us for the construction of a W
3
string in terms of scalar elds. In the next chapter we
will see that as a consequence, the W
3
string is rather similar to an ordinary bosonic
string or two
16
. Nevertheless, some interesting structures are present in the spectrum
of W -strings based on Romans realizations.
In [22], we investigated the possibility of additional realizations of the W
3
algebra if a
null spin-four eld is allowed to occur in the OPE of W with itself. Four two-scalar
realizations with nonvanishing but null spin-four elds were obtained for xed values




the c =  2 realizations is up to a null energy-momentum tensor precisely the c =  2
one-scalar realization of W
3
[43]. Together with one of the c =
4
5
realizations, it has the
property that it can be written in terms of an energy-momentum tensor plus a single




realization with this property is the only two-scalar W
3
realization that has
one real and one imaginary background charge or equivalently, in a real basis, has one






The other c =  2 and c =
4
5
realizations are only known as two-scalar realizations and
also appear in [12] as specic truncations of a nonlinear W
1
algebra. They can also
be derived from the second realization mentioned in a footnote of [79]. The explicit
form of all these solutions can be found in [22]. A family of modulo spin-four W
3
realizations for generic central charge was also found in [22]. These are extensions of
the Romans solutions by a null energy-momentum tensor. We note that the modulo
spin-four realizations do not satisfy in their classical limit the closure condition (3.54),
and therefore, their classical limits do not seem to correspond to the w
3
algebra.
Recently, another method of nding realizations for W -algebras has been proposed in
[130]. There it was shown that W -algebras can be embedded into linear conformal
algebras. For example, for the W
3










W ) of spins 1; 2 and 3, respectively. The W
3
algebra is then obtained from W
lin
3






























J for some coecients a
i
.
This implies that given a realization of the linear algebraW
lin
3
, one obtains a realization
16
The analysis of [83] does not completely rule out the possibility of W
3
strings based on irreducible
scalar eld realizations. Also, one may try to include other than free scalar elds in the construction






algebra through this redenition. One of the advantages of a linear algebra is
that two independent realizations give rise to another realization simply by adding the
currents of both realizations. Some W
3
realizations have been obtained [130] starting
from realizations of the linearizing algebra. However, apart from the Miura realizations
these seem to involve vertex operators (see also [169]). A number of modulo null elds
realizations of W
3
has also been obtained using the linearizing method [17]. Starting
from realizations of bigger algebras, at certain central charges it may happen that all
currents except the spin-two and spin-three currents become null (see also [117]). This,
then, gives rise to a modulo null elds realization of the W
3
algebra. In this way all
previously known modulo spin-four null eld realizations and some more can be obtained
[17].
We have seen that multi-scalar W
3
realizations can be constructed for arbitrary values
of the central charge. In particular, c = 100 Romans realizations exist for an arbitrary
number of scalar elds. This is important for the construction of aW
3
string. However,
it is not dicult to see that any of the known realizations of W
3
for c = 100 necessarily
involves nonzero background charges. For the Virasoro algebra one simply takes 26 free
scalar elds without any background charge to get the critical central charge, but forW
3
taking 100 free scalar elds without background charges does not give a realization. This
is somewhat disappointing from a physical point of view, since background charges break
Lorentz invariance. Also, the distinction between critical and non-critical W -strings is
not as clear as it is for the ordinary bosonic string.
3.3.3 Simplications and canonical transformations
In order to calculate BRST operators for W -algebras other than W
3
one should nd
some simplication method. Otherwise, the construction becomes soon too complicated
because of the increasing number of nonlinearities. It turns out that the BRST analysis
can be simplied by performing certain canonical transformations which in the case of
explicit realizations may also involve the elds of this realization.
In [135], it was found that a particular transformation of the elds that enter the
description of a W
3
string leads to a great simplication in the analysis of the physical
states. Consequently, it was found in [21] that this transformation could be interpreted
as a redenition of the constraints at the classical level. Then in [20] it was shown that
a similar redenition could be used to simplify the BRST analysis of W
N
algebras with
N > 3. These redenitions lead to a nested subalgebra structure as mentioned before.
To illustrate the idea, we consider the W
3
algebra, as usual. The classical Miura real-
ization for the classical w
3

















zero central charge). Now dene new generators
~
T = T ;
~






Now the main idea of the redenition is already clear: the redened spin-three generator
only depends on a single scalar eld and therefore generates a subalgebra by itself.
















The corresponding BRST charge can be read o directly from the algebra, with the
structure `constants' appearing in the cubic ghost terms. No higher-order ghost terms
are needed. This BRST charge, and also its quantum extension [135], has the nice
















































g = 0 ; (3.79)
where we have dropped the tildes on T and W . In somewhat more physical words,
(3.77) shows that whereas gravity (via the metric) couples to all elds, the spin-three
gauge eld does not.
Alternatively, we can describe a redenition of the constraint algebra by a canonical
transformation in the extended phase space. The generating function of the canonical





. Its action on an extended phase space function F is, in OPE language,














G(x)F (w) + ::: : (3.80)
The BRST current in (3.60) transforms into the one given in (3.79) under this canonical
transformation.
Similar redenitions can be carried out for generic w
N
algebras. Starting from the Miura
realization in terms of N 1 scalar elds, we can perform a redenition of the generators
such that the highest spin current only involves one scalar eld, the next highest spin
current involves this scalar eld plus one other scalar eld, etc. Only the energy-
momentum tensor then depends on all N   1 scalar elds. This necessarily induces a
nested subalgebra structure where the k highest spin currents form a subalgebra for
k = 1; 2; :::N   1. Of course, the energy-momentum tensor, which is not aected by
the redenition, always generates a subalgebra by itself. This also results in a nested
































denotes the `spin-i contribution' to the BRST charge [20]. This generalizes
equation (3.79). The nested basis makes the calculation of the BRST charge simpler
since it can now be done in steps, starting with the highest-spin part Q
N
and going
downwards. The same redenitions can be performed in one of the sectors of the
modied w
N
algebras. For modied w
3
this results in the same nested structure as
in (3.79). To obtain the quantum BRST operator one can parametrize all possible
quantum corrections to the classical expression and then demand nilpotency. For the




), the nested basis
survives quantization.
In [20], the BRST operator of the W
4
algebra has been found by making use of the
nested basis. This BRST operator will be used in the next chapter to study the physical
spectrum of theW
4
string. In references [113, 200] the BRST operator of theW
4
algebra
was found in the original basis, where only generators appear as structure constants,
but these expressions are very lengthy which makes further calculations practically
impossible. One dierence is that second and third-order structure functions are nonzero
in the original basis, while in the nested basis there are at most terms cubic in the ghost
variables (rst-order structure functions). However, it should be admitted that also in
the nested basis higher-order ghost terms are expected for W
N
with N > 4.
With the BRST operator in the nested basis, it is possible to study the physical states
of the W
4
string [40]. As noticed originally [135] for W
3
, the physical state analysis
simplies dramatically in the new basis. Another advantage of the nested basis is that
it elucidates an apparent relation of W
N
strings with minimal models [65]. This will be
discussed at length in sections 4.2 and 4.3.
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